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Inspired by the reconstituted similarity renormalization group method, the reconstituted Foldy-
Wouthuysen (FW) transformation is proposed. Applied to the Dirac equation in the covariant
density functional theory, the reconstituted FW transformation shows a fast convergence of the
spectrum of the single-particle energy. The single-particle densities and the single-particle scalar
densities obtained by this new method are also investigated. In particular, the relativistic corrections
to the densities from the picture-change error between the Schro¨dinger and Dirac pictures are
discussed in detail. Taking these relativistic corrections into account, both the single-particle
densities and the single-particle scalar densities are almost identical to their exact values.
I. INTRODUCTION
Since the 1970s, the density functional theory (DFT)
has played a crucial role in investigating the ground-
state and excited-state properties of atomic nuclei in a
microscopic way [1–10]. Both the non-relativistic and
the relativistic DFT have attracted a lot of attention in
nuclear physics, while there still remain open questions
on the connection between these two frameworks [2, 4,
10].
The non-relativistic expansion of the Dirac equation
is considered to be a potential bridge for making
the connection. By following this direction, the
Dirac equation was reduced to some non-relativistic
Schro¨dinger-like equations [2, 4, 10]. However, on the
one hand, the convergence of these methods is rather
slow. On the other hand, which is more important, the
effective Hamiltonian thus obtained is not Hermitian,
since the upper- or lower-component wave functions as
the solutions of the Schro¨dinger-like equations alone are
not orthogonal to each other.
In 2012, the similarity renormalization group (SRG)
[11, 12] was first applied by Guo [13] to perform
the non-relativistic expansion of the single-nucleon
Dirac equation for investigating the nuclear pseudospin
symmetry [7, 14–19]. The non-relativistic expansion is
carried out in the powers of 1/M , and the results up
to the 1/M3 order were obtained in Ref. [13] (with M
the bare mass of the particle). It is remarkable that
the non-relativistic reduced Hamiltonian thus obtained
is Hermitian. In order to achieve the convergence of
such a conventional SRG method, we recently showed
in Ref. [20] that the 1/M4-order terms are needed. As
a step further, by using the technique of resummation,
which is widely used in the studies such as the Brueckner
theory [21–23], we have developed the novel reconstituted
SRG method [20], by replacing M with M∗ in the
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non-relativistic expansion (with M∗ the Dirac mass of
the particle). Consequently, the convergence of the
reconstituted SRG method became much faster than that
of the conventional one. It is worthwhile to mention that
in parallel another work which started from the general
operators and flow equation was carried out by Ren and
Zhao [24], where the non-relativistic expansion was also
carried out in the powers of 1/M∗.
In addition to the improvement of the convergence, the
single-particle densities ρv(r) = ψ
†(r)ψ(r), which are
also called the signle-particle vector or baryon densities,
calculated by the novel reconstituted SRG are also more
identical to the exact values than the conventional ones
[20]. In contrast, in order to calculate the single-
particle scalar densities ρs(r) = ψ
†(r)γ0ψ(r), the γ0
matrix should be transformed in the same way as the
Dirac Hamiltonian. However, in both the conventional
and reconstituted SRG methods, the original Dirac
Hamiltonian is operated by infinite steps of unitary
transformation, and it is also worthwhile to point out
that a crucial superiority of the SRG technique is to
avoid the treatment of the unitary transformations with
specific forms. Therefore, the calculations of the single-
particle scalar densities are not trivial at all in the SRG
methods.
Alternatively, the Foldy-Wouthuysen (FW) transfor-
mation, also called the Pryce-Tani-Foldy-Wouthuysen
transformation [25–28], which was initially formulated
around 1950 to describe the relativistic spin-1/2 particles
such as electrons in the non-relativistic limit, is also an
elegant method for the non-relativistic expansion of the
Dirac equation [29].
The FW non-relativistic expansions of the Dirac
equation have been carried out up to some higher
orders for the selected families of potentials with specific
properties, see, e.g., Refs. [30, 31]. Very recently, with the
consideration of the strong scalar potential, we further
applied the FW transformation to the general cases in
the covariant DFT, and the corresponding expansion was
performed up to the 1/M4 order [32]. Furthermore,
2we also investigated the difference between the results
of the conventional SRG method and the corresponding
ones of the FW transformation as well as the origin
of such a difference in Ref. [32]. As the same as
the conventional SRG method, the FW transformation
presents a systematic way to derive the non-relativistic
expansion of the Dirac equation up to an arbitrary order.
However, when the strong scalar potential is included,
the convergence of the FW transformation also becomes
rather slow. Therefore, inspired by the reconstituted
SRG method, it is interesting and important to improve
the FW transformation for a faster convergence.
In this paper, inspired by the reconstituted SRG
method, we will propose the novel reconstituted FW
transformation, where the non-relativistic expansion is
performed in the powers of 1/M∗. The results up
to the 1/M∗3 order will be shown explicitly, and the
difference between these results and the corresponding
ones obtained by the reconstituted SRG method will be
investigated. Furthermore, by starting generally from the
field operators, the relativistic corrections to the single-
particle densities will be investigated. These corrections
are originated from the so-called picture-change error
between the Schro¨dinger and Dirac pictures, which was
firstly applied in quantum chemistry and it was called
the DKH method [33–36]. In this work, such relativistic
corrections will be applied to the single-particle vector
and scalar densities with the inclusion of the higher
orders in a general case of the covariant DFT for the
first time.
This paper is organized as follows. The theoretical
framework for the novel reconstituted FW transfor-
mation will be introduced in Sec. II A. In Sec. II B,
the single-particle density will be investigated, and
as a step further, the relativistic corrections will be
also considered. The single-particle scalar density
obtained by the reconstituted FW transformation and
the corresponding corrections will then be discussed in
Sec. II C. The results for the single-particle energies and
single-particle densities will be presented in Sec. III A
and Sec. III B, respectively. The single-particle scalar
densities with the reconstituted FW transformation will
be investigated in Sec. III C. Finally, a summary and
perspectives will be given in Sec. IV.
II. THEORETICAL FRAMEWORK
A. Reconstituted FW transformation
In the relativistic scheme, the Dirac Hamiltonian with
the scalar S and vector V potentials for nucleons reads
[6, 7, 37, 38]
H = α · p+ β(M + S) + V, (1)
where α and β are the Dirac matrices, andM is the mass
of nucleon.
Inspired by the reconstituted SRG method [20],
here we develop the reconstituted FW transformation.
Replacing the bare mass M with the Dirac mass M∗ =
M + S and considering the Hermitian property of the
Hamiltonian, the corresponding operators are defined as
O˜ = α · p, ε˜ = V, Λ˜ = −
iβ
4
(
1
M∗
O˜ + O˜
1
M∗
), (2)
where the operators O˜ and ε˜ satisfy that [ε˜, β] = 0 and
{O˜, β} = 0, respectively. It is important to notice that
[1/M∗, O˜] 6= 0 here. The Hamiltonian (1) then reads
H = β(M + S) +α · p+ V
= βM∗ + O˜ + ε˜. (3)
In order to simplify later calculations, some notations
are made as follows,
A ≡ [O˜,M∗], (4a)
B ≡ [O˜,
1
M∗
], (4b)
and it is not difficult to derive that
1
M∗
A+M∗B = 0. (4c)
Similarly to the operations in the conventional
FW transforamtion [25–29], the Dirac Hamiltonian is
transformed into
H ′ = eiΛ˜He−iΛ˜
=H + i[Λ˜, H ] +
i2
2!
[Λ˜, [Λ˜, H ]] + · · ·
+
in
n!
[Λ˜, [Λ˜, · · · , [Λ˜︸ ︷︷ ︸
n
, H ] · · · ]] + · · ·
=H ′0 +H
′
1 + · · ·+H
′
n + · · · (5)
with its n-th component
H ′n =
in
n!
[Λ˜, [Λ˜, · · · , [Λ˜︸ ︷︷ ︸
n
, H ] · · · ]]. (6)
Keeping all the terms up to the 1/M∗3 order, the
unitary transformed Hamiltonian reads
H ′ =βM∗ + ε˜+
1
2
βO˜
1
M∗
O˜ +
1
8
β[O˜,B]−
1
8M∗2
[O˜, [O˜, ε˜]]
−
1
8M∗
B[O˜, ε˜]−
1
8
βO˜2
1
M∗3
O˜2 +
β
2M∗
[O˜, ε˜]
−
1
24
(4O˜2
1
M∗2
O˜ + 4O˜
1
M∗2
O˜2 + 3O˜
1
M∗
[O˜,B]
+ 3[O˜,B]
1
M∗
O˜)−
1
48M∗3
β[O˜, [O˜, [O˜, ε˜]]]. (7)
In this unitary transformed Hamiltonian (7), the off-
diagonal parts are not zero but raised by one order from
3O˜ to 12M∗ β[O˜, ε˜]. In order to make the off-diagonal parts
higher than a given order (e.g., the 1/M∗3 order), one
should repeat the FW transformation until the accuracy
is achieved [29, 32]. For that, the operators O˜′ and ε˜′ are
redefined according to Eq. (7), and one has
ε˜′ = ε˜+
1
2
βO˜
1
M∗
O˜ −
1
8M∗2
[O˜, [O˜, ε˜]] +
1
8
β[O˜,B]
− βO˜2
1
8M∗3
O˜2 −
1
8M∗
B[O˜, ε˜], (8a)
O˜′ =
β
2M∗
[O˜, ε˜]−
1
24
(
4O˜2
1
M∗2
O˜ + 4O˜
1
M∗2
O˜2
+ 3O˜
1
M∗
[O˜,B] + 3[O˜,B]
1
M∗
O˜
)
−
1
48M∗3
β[O˜, [O˜, [O˜, ε˜]]], (8b)
Λ˜′ = −
iβ
4
(
1
M∗
O˜′ + O˜′
1
M∗
)
. (8c)
The corresponding reconstituted FW transformation
reads
H ′′ = eiΛ˜
′
H ′e−iΛ˜
′
. (9)
With the recursions [32], the Hamiltonian of the
reconstituted FW transformation eventually reads
HrFW = βM
∗ + ε˜+
1
2
βO˜
1
M∗
O˜ +
1
8
β[O˜,B]
−
1
8M∗2
[O˜, [O˜, ε˜]]−
1
8M∗
B[O˜, ε˜]
−
1
8
βO˜2
1
M∗3
O˜2 −
1
8M∗3
β[O˜, ε˜][O˜, ε˜], (10)
and its off-diagonal parts have been raised up to at least
the 1/M∗4 order.
For the systems with the spherical symmetry, the
corresponding radial single-nucleon Dirac equation reads
[6, 7](
Σ(r) +M − ddr +
κ
r
d
dr +
κ
r ∆(r) −M
)(
G(r)
F (r)
)
= E
(
G(r)
F (r)
)
,
(11)
with the normalization condition
∫
dr [G2(r) + F 2(r)] =
1, where κ is a good quantum number defined as κ =
∓ (j + 1/2) for j = l± 1/2, and Σ(r) = V (r) + S(r) and
∆(r) = V (r) − S(r) are the sum of and the difference
between the vector and scalar potentials, respectively.
The single-particle energies E = ε+M include the mass
of nucleon. The initial conditions read
ε˜ =
(
V (r) 0
0 V (r)
)
, O˜ =
(
0 − ddr +
κ
r
d
dr +
κ
r 0
)
,
A =
(
0 −M∗′
M∗′ 0
)
, B =
(
0 M
∗′
M∗2
−M
∗′
M∗2
0
)
. (12)
According to Eq. (10), the Dirac Hamiltonian is
transformed by the reconstituted FW transformation as(
H
(F)
rFW +M O(
1
M∗4
)
O( 1
M∗4
) H
(D)
rFW −M
)
. (13)
Hereafter, we will focus on the single-particle states in
the Fermi sea, which correspond to their counterparts in
the non-relativistic framework. Therefore, H
(F)
rFW will be
investigated in detail, and its superscript will be omitted
when there is no confusion.
The expansion of HrFW up to the 1/M
∗3 order is
carefully worked out as
HrFW,0 =Σ, (14a)
HrFW,1 = −
d
dr
1
2M∗
d
dr
+
κ(κ+ 1)
2M∗r2
, (14b)
HrFW,2 = −
∆′
4M∗2
κ
r
+
Σ′′
8M∗2
, (14c)
HrFW,3 = − p
2 1
8M∗3
p2 +
Σ′2
8M∗3
−
3S′Σ′
8M∗3
, (14d)
where
p2 = −
d2
dr2
+
κ(κ+ 1)
r2
. (15)
It is noted that operators with higher-order derivatives
appear from HrFW,3, and thus the eigenequation
containing up to the second derivatives reads
[HrFW,0 +HrFW,1 +HrFW,2]ϕk(r) = εkϕk(r), (16)
with the normalization condition
∫
dr ϕ2(r) = 1. Fol-
lowing the same way in Ref. [20], the eigenequation (16)
will be solved and the higher-order term HrFW,3 will be
calculated by the perturbation theory in the following
discussions.
In Ref. [32], the relation between the conventional SRG
method and FW transformation has been investigated.
Similarly, by comparing Eqs. (14a), (14b), (14c) and
(14d) with the corresponding results obtained in the non-
relativistic expansion by the reconstituted SRG method
[20], one finds the differences as
HrFW,0 −HrSRG,0 =0 (17a)
HrFW,1 −HrSRG,1 =0 (17b)
HrFW,2 −HrSRG,2 =0 (17c)
HrFW,3 −HrSRG,3 =
∆′Σ′
16M∗3
. (17d)
It turns out that the differences shown in Eq. (17)
come from an additional unitary transformation, after
the Dirac Hamiltonian is decoupled into the upper and
lower parts. Let
Ξ = −
iβ
64
(
1
M∗3
[O˜2, ε˜− βM∗] + [O˜2, ε˜− βM∗]
1
M∗3
)
+ · · · (18)
It is a Hermitian and diagonal operator, i.e., Ξ† = Ξ and
βΞ = Ξβ. Acting an additional unitary transformation
on HrFW, it reads
eiΞHrFWe
−iΞ = HrFW + i[Ξ,HrFW] + · · ·
4Keeping all the terms up to the 1/M∗3 order, the results are
HrFW +
β
64
[ 1
M∗3
[O˜2, ε˜− βM∗] + [O˜2, ε˜− βM∗]
1
M∗3
, βM∗ + ε˜
]
. (20)
As a step further, it is not complicated to obtain the upper-left component of Eq. (20) as
HrFW,0 +HrFW,1 +HrFW,2 +HrFW,3 −
∆′Σ′
16M∗3
, (21)
which is nothing but HrSRG.
Since e−iΞ is a unitary operator acting on the already
decoupled Hamiltonian, it does not affect the non-
relativistic expansion of the Dirac equation, in the
sense that the single-particle spectrum obtained by the
reconstituted FW transformation is identical to that
obtained by the reconstituted SRG method. At the same
time, the above conclusions provide the foundation of the
reconstituted SRG method proposed in Ref. [20].
B. Single-particle density
The relativistic single-particle wave-function |ψ〉 satis-
fies
H |ψ〉 = E|ψ〉, (22)
and the non-relativistic counterpart |ϕ〉 in the FW
transformation satisfies
HFW|ϕ〉 = E|ϕ〉 (23)
with
HFW = e
iΛFWHe−iΛFW (24)
and
|ϕ〉 = eiΛFW |ψ〉. (25)
Since only the unitary transformations have been
applied in the FW transformation, it seems naturally
that the single-particle density ρv(r) = ψ
†(r)ψ(r) will
be calculated as
ρv,non(r) =
1
4pir2
ϕ†(r)ϕ(r). (26)
However, by checking the details, it can be found that
ρv,exact(r) = ρv,non(r) + ∆ρv(r), (27)
where ∆ρv actually comes from the so-called picture-
change error [33, 34], i.e., the difference between the
densities calculated in the Schro¨dinger picture and the
ones obtained in the Dirac picture.
In order to investigate the correction to the single-
particle density explicitly, we start from its strict
definition, which reads
ρv(r) = 〈ψ|cˆ
†(r)cˆ(r)|ψ〉
=
∫
dr′ψ†(r′)δ(r′ − r)ψ(r′). (28)
Here cˆ†(r) and cˆ(r) are the field operators (i.e., the
particle creation and annihilation operators with the
index of spatial coordinate). Therefore, the single-
particle density reads
ρv(r) = 〈ϕ|e
iΛFW cˆ†(r)cˆ(r)e−iΛFW |ϕ〉
=
∫
dr′ϕ†(r′)eiΛFW(r
′)δ(r′ − r)e−iΛFW(r
′)ϕ(r′).
(29)
Hereafter, the delta function δ(r′− r) will be denoted as
∆(r′, r) (with a bold font in order to distinguish from
∆ = V − S).
In the present scheme, all operators should be
transformed in the same way as the Dirac Hamiltonian.
Therefore, the delta function in the FW formalism is
transformed as
∆′ = eiΛ˜∆e−iΛ˜. (30)
The expansion of ∆′ reads
∆′ =∆+ i[Λ˜,∆] +
i2
2!
[Λ˜, [Λ˜,∆]]
+ · · ·+
in
n!
[Λ˜, [Λ˜, · · · , [Λ˜︸ ︷︷ ︸
n
,∆] · · · ]] + · · · (31)
with its n-th component
∆′n =
in
n!
[Λ˜, [Λ˜, · · · , [Λ˜︸ ︷︷ ︸
n
,∆] · · · ]]. (32)
As a result,
∆′ =∆−
1
8M∗2
∆(2) −
1
8M∗
B∆(1) +
β
2M∗
∆(1)
−
β
48M∗3
∆(3). (33)
5Here the relevant notations are defined as
∆(1) ≡ [O˜,∆], (34a)
∆(2) ≡ [O˜,∆(1)], (34b)
∆(3) ≡ [O˜,∆(2)]. (34c)
Following the recursion relation in the reconstituted
FW transformation, the result up to the 1/M∗3 order
reads
∆rFW =∆−
1
8M∗2
∆(2) −
1
8M∗
B∆(1) −
β
4M∗3
[O˜, ε˜]∆(1)
+
β
2M∗
∆(1) −
β
2M∗3
∆(1)O˜2 −
β
2M∗3
∆(2)O˜
−
9β
48M∗3
∆(3). (35)
The delta function can be expanded in terms of
spherical harmonics,
δ(r′ − r) =
1
r2
δ(r′ − r)
∞∑
L=0
YL(rˆ
′) · YL(rˆ). (36)
When the spherical symmetry is taken into account, it
reads
δ(r′ − r) =
1
4pir2
δ(r′ − r). (37)
Thus,
∆(r′, r) =
1
4pir2
(
δ(r′ − r) 0
0 δ(r′ − r)
)
. (38)
In addition, one has
∆(1)(r′, r) =
1
4pir2
(
0 −δ′
δ′ 0
)
, (39a)
∆(2)(r′, r) =
1
4pir2
(
−δ′′ + 2κr′ δ
′ 0
0 −δ′′ − 2κr′ δ
′
)
, (39b)
∆(3)(r′, r) =
1
4pir2
(
0 δ′′′ − 2κr′ δ
′′ + 2κr′2 δ
′
−δ′′′ − 2κr′ δ
′′ + 2κr′2 δ
′ 0
)
. (39c)
Here the short-hand writings mean
δ′ =
d
dr′
δ(r′ − r), δ′′ =
d2
dr′2
δ(r′ − r), δ′′′ =
d3
dr′3
δ(r′ − r). (40)
The meanings of the derivatives of delta function are related to the integrals by part. In detail, for arbitrary wave
functions η(r′) and ξ(r′), the integral
I(r) =
∫
η†(r′)
dδ(r′ − r)
dr′
ξ(r′)dr′ = −η†(r′)
(←−
d
dr′
+
−→
d
dr′
)
ξ(r′)
∣∣∣∣∣
r′=r
= −η†(r)
(←−
d
dr
+
−→
d
dr
)
ξ(r), (41)
where the arrow ← (→) means the operator acts only on the functions on its left-hand (right-hand) side. It is
important to point out that the action of taking r′ = r should be performed after the derivatives in order to avoid
the mistakes which may be caused by the confusion of r and r′ during the calculations. This indicates that the first
derivative of delta function can be formally expressed as∫
dr′ · · ·
dδ(r′ − r)
dr′
· · · = − · · ·
(←−
d
dr
+
−→
d
dr
)
· · · (42)
Similarly, the second and third derivatives of delta function correspond to
∫
dr′ · · ·
d2δ(r′ − r)
dr′2
· · · = · · ·

←−−d2
dr2
+ 2
←−
d
dr
−→
d
dr
+
−−→
d2
dr2

 · · · (43)
and
∫
dr′ · · ·
d3δ(r′ − r)
dr′3
· · · = − · · ·

←−−d3
dr3
+ 3
←−−
d2
dr2
−→
d
dr
+ 3
←−
d
dr
−−→
d2
dr2
+
−−→
d3
dr3

 · · · (44)
respectively.
6Finally, the delta function with the reconstituted FW transformation reads
4pir2∆rFW(r, r) = 1 +
1
8M∗2

←−−d2
dr2
+ 2
←−
d
dr
−→
d
dr
+
−−→
d2
dr2

+ β
4M∗2
κ
r
(←−
d
dr
+
−→
d
dr
)
+
S′
8M∗3
(←−
d
dr
+
−→
d
dr
)
−
βV ′
4M∗3
(←−
d
dr
+
−→
d
dr
)
+
γ5
2M∗
(←−
d
dr
+
−→
d
dr
)
+
(
0 O( 1
M∗3
)
O( 1
M∗3
) 0
)
, (45)
where γ5 is the Dirac matrix.
Consequently, after considering these corrections from the FW transformation, which we call the relativistic
corrections, the single-particle density for the systems with the spherical symmetry reads
4pir2ρv(r) =
(
ϕ†(r′) 0
)
∆rFW(r
′, r)
(
ϕ(r′)
0
)∣∣∣∣
r′=r
=ϕ†(r)

1−

−←−−d2
dr2
+
κ(κ+ 1)
r2

 1
8M∗2
−
1
8M∗2

−−−→d2
dr2
+
κ(κ+ 1)
r2

+
(←−
d
dr
+
κ
r
)
1
4M∗2
(−→
d
dr
+
κ
r
)
+
←−
d
dr
(
−3S′ − 2V ′
8M∗3
)
+
(
−
S′
2M∗3
κ
r
−
S′′ + 2V ′′
8M∗3
)
+
(
−3S′ − 2V ′
8M∗3
)−→
d
dr
]
ϕ(r). (46)
C. Single-particle scalar density
For the single-particle scalar density ρs(r) =
ψ†(r)γ0ψ(r), we need to consider the FW transforma-
tions of not only the delta function as shown in Eq. (45)
but also the Dirac matrix γ0. By following the procedures
in the previous sections, the Dirac matrix γ0 with the
reconstituted FW transformation reads
γ˜ = γ0 −
1
4M∗
β[O˜,B]−
1
2
βO˜
1
M∗2
O˜ +
1
4M∗3
[O˜, [O˜, ε˜]]
−
1
2
(
1
M∗
O˜ + O˜
1
M∗
)
−
1
2M∗2
β[O˜, ε˜]
+
1
4
(
O˜2
1
M∗3
O˜ + O˜
1
M∗3
O˜2
)
−
1
4M∗3
[[O˜, ε˜], ε˜],
(47)
up to the 1/M∗3 order. It can be expressed as a two-by-
two matrix
γ˜ =
(
γ˜11 γ˜12
γ˜21 γ˜22
)
, (48)
and with the spherical symmetry its matrix elements read
γ˜11 =1 +
d
dr
1
2M∗2
d
dr
−
κ(κ+ 1)
2M∗2r2
+
∆′
2M∗3
κ
r
−
Σ′′
4M∗3
+O(
1
M∗4
), (49a)
γ˜12 =
1
2
(
1
M∗
d
dr
+
d
dr
1
M∗
)
−
1
M∗
κ
r
+
V ′
2M∗2
+O(
1
M∗3
), (49b)
γ˜21 = −
1
2
(
1
M∗
d
dr
+
d
dr
1
M∗
)
−
1
M∗
κ
r
+
V ′
2M∗2
+O(
1
M∗3
). (49c)
Up to here, with the reconstituted FW transformation, the scalar densities in the Schro¨dinger picture are in the
forms of
4pir2ρs,non(r) = ϕ
†(r)
(
1 +
d
dr
1
2M∗2
d
dr
−
κ(κ+ 1)
2M∗2r2
+
∆′
2M∗3
κ
r
−
Σ′′
4M∗3
)
ϕ(r). (50)
As a step further, similarly to the single-particle density, the single-particle scalar density can be modified with
the consideration of the relativistic corrections originated from the picture-change error between the Schro¨dinger and
Dirac pictures, i.e.,
ρs,exact(r) = ρs,non(r) + ∆ρs(r). (51)
7It is important to point out that the difference between ρv,non and ρs,non appears from the 1/M
∗2 order, and the
relativistic correction ∆ρs also appears from the same order. Therefore, the relativistic corrections will also play a
crucial role in the difference between the vector and scalar densities.
For the systems with the spherical symmetry, the single-particle scalar density reads
4pir2ρs(r) =
(
ϕ†(r′) 0
)
∆rFW(r
′, r) γ˜
(
ϕ(r′)
0
)∣∣∣∣
r′=r
=ϕ†(r)

1−

−←−−d2
dr2
+
κ(κ+ 1)
r2

 1
8M∗2
−
1
8M∗2

−−−→d2
dr2
+
κ(κ+ 1)
r2

−
(←−
d
dr
+
κ
r
)
1
4M∗2
(−→
d
dr
+
κ
r
)
−
←−
d
dr
S′
8M∗3
+
V ′
2M∗3
κ
r
−
S′′ + 2V ′′
8M∗3
−
S′
8M∗3
−→
d
dr
]
ϕ(r). (52)
In this expression, there are also contributions from the off-diagonal parts of ∆rFW(r, r) and γ˜.
III. RESULTS AND DISCUSSION
In order to make the comparisons and discussions with
the corresponding results obtained by the SRG methods
in Ref. [20], we use the Woods-Saxon forms for the scalar
and vector potentials, Σ(r) = Σ0f(a0, r0, r) and ∆(r) =
∆0f(a0, r0, r), with
f(a0, r0, r) =
1
1 + e
r−r0
a0
, (53)
where the parameters are the same as those in Ref. [20],
i.e., Σ0 = −66.0 MeV, ∆0 = 650.0 MeV, r0 = 7.0 fm, and
a0 = 0.6 fm, which are the typical values for neutrons
in the nucleus 208Pb. The mass of nucleon is taken as
M = 939.0 MeV.
The Dirac equation (11) is solved in coordinate space
by the shooting method [39] within a spherical box with
radius Rbox = 20 fm and mesh size dr = 0.05 fm. The
single-particle energies and densities thus obtained will
serve as benchmarks, labelled as Exact in the tables and
figures. The non-relativistic equation (16) is also solved
in coordinate space by the shooting method with the
same box and mesh sizes.
A. Single-particle spectrum
In Fig. 1, the discrepancy between the neutron single-
particle energies obtained by the reconstituted FW
transformation and the exact ones is shown as a function
of the single-particle energy. In the present case of 208Pb,
the last occupied orbital is the 3p1/2 state, whose energy
is −6.999 MeV. It can be seen that the non-relativistic
expansion with the reconstituted FW transformation
achieves a fast convergence. Shown in a smaller scale
in Panel (b) of Fig. 1, the differences between the
single-particle energies obtained at the 1/M∗3 order and
the exact ones are less than 0.1 MeV for the deeply
bound states, and become slightly larger to around
0.2 MeV for the weakly bound states. The three orbitals
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FIG. 1. (Color online) (a) Discrepancy between the neutron
single-particle energies obtained by the reconstituted FW
transformation and the exact ones as a function of the single-
particle energy. The squares, circles, and triangles represent
the energy discrepancy at the 1/M∗, 1/M∗2, and 1/M∗3
orders for the reconstituted FW transformation, respectively.
(b) Discrepancy at the 1/M∗3 order on a smaller scale.
that show the biggest negative differences are the 1g9/2
state at −28.072 MeV, 1h11/2 state at −18.784 MeV,
and 1i13/2 state at −9.267 MeV. Their deviations from
the corresponding exact values are −152, −239, and
−325 keV, respectively. In contrast, the orbital that
shows the biggest positive difference is the 1h9/2 state at
−14.027 MeV, whose deviation from the corresponding
exact value is 89 keV.
In order to understand these energy differences for
8the states with large angular momenta l, we recall
that, although a discrepancy between the results of the
conventional SRG method [20] and FW transformation
[32] appears starting from the 1/M3 order, their
spectrum of the single-particle energies are identical to
each other [32]. Thus the detailed 1/M4-order results
of the conventional SRG method derived in Ref. [20]
can help us investigate the results in Fig. 1 more deeply
here. It can be seen that except the terms that have
already included so far with the replacement of M by
M∗, the three biggest contributions in the 1/M4 order are
− 3S
′
4M4 p
2 d
dr , −
9S′′
16M4 p
2, and 3∆
′
16M4
κ
r p
2 shown in Table. VIII
in Ref. [20]. It is found that the sum of the contributions
from these three terms are positive (negative) for the
spin-up states with κ < 0 (the spin-down states with
κ > 0), and the absolute value becomes bigger with the
increase of l (or κ). Consequently, the large l (or κ)
states show the biggest discrepancy here, and the κ < 0
(κ > 0) states show negative (positive) discrepancy from
the corresponding exact values here. A possible way
to improve the results further is to derive the 1/M∗4
order in the reconstituted FW transformation, and pay
attention to the terms proportional to 1
M∗4
p2 ddr ,
1
M∗4
p2,
and 1
M∗4
κ
r p
2.
By summing up all the single-particle energies of the
occupied states for 126 neutrons in 208Pb, the exact
value is −3045.501 MeV, while the result obtained by
the 1/M∗3-order reconstituted FW transformation is
−3055.767 MeV. The corresponding relative discrepancy
is only about 0.34%.
B. Single-particle and total densities
For the discussion on the single-particle density, let
us first take the neutron 2d5/2 state as an example,
which has one-node structure and is neither deeply nor
weakly bound. The exact single-particle density for the
2d5/2 state is shown with the black solid line in Fig. 2.
For comparison, the single-particle density calculated by
Eq. (26) without any relativistic correction (i.e., picture-
change-error correction) is shown with the olive dashed
line. In contrast, the results calculated by Eq. (46) with
the relativistic corrections up to the 1/M∗2 and 1/M∗3
orders are shown with the blue dotted and red dash-
dotted lines, respectively.
For the result without correction, on the one hand, a
deviation from the exact density is visible around the first
peak of the wave function. On the other hand, it is even
more important to point out its deviation from the exact
density around the node of the wave function, which is
shown in Panel (b) of Fig. 2 in a smaller scale. Because
of the existence of the small component of Dirac spinor,
i.e., F (r) in Eq. (11), the single-particle density in the
Dirac picture, ρv(r) = [G
2(r)+F 2(r)]/(4pir2), will never
become exactly zero at any finite radius r. However, the
corresponding single-particle density in the Schro¨dinger
picture (Eq. (26)) becomes exactly zero at the nodes of
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FIG. 2. (Color online) (a) Single-particle density for the
neutron 2d5/2 state. The solution of the Dirac equation (11) is
shown with the black solid line, while the result by Eq. (26) is
shown with the olive dashed line. The results by Eq. (46) with
the corrections up to the 1/M∗2 and 1/M∗3 orders are shown
with the blue dotted and red dash-dotted lines, respectively.
(b) Details around the node of wave function in a smaller
scale.
the single-particle wave function ϕ(r). This is one of the
explicit reasons why the relativistic corrections to the
densities are indispensable. In other words, the picture-
change error belongs to the systematic error, instead of
the matter of truncation or numerical accuracy.
By taking into account the relativistic corrections, the
results obtained by Eq. (46) are almost identical to the
exact density in the whole region, including the node
region as shown in Panel (b) of Fig. 2. Indeed, in Eq. (46),
the terms such as
ϕ†(r)
←−
d
dr
1
4M∗2
−→
d
dr
ϕ(r)
prevent the single-particle density from becoming exactly
zero at any finite radius r.
In order to examine the details, the differences
between the single-particle density of the 2d5/2 state
calculated by the reconstituted FW transformation and
the corresponding exact density are shown in Fig. 3.
It can be seen clearly that the results without the
corrections show dramatic differences from the exact
ones, and the discrepancy ρv − ρv,exact reaches 6.6 ×
10−5 fm−3 around the first peak of the wave function,
which corresponds to a relative discrepancy 3.2%.
In contrast, after considering the picture-change-error
corrections, the discrepancies ρv − ρv,exact are smaller
92 4 6 8 10
-0.10
-0.05
0.00
0.05
0.10
 
2d5/2
 Without corr.
 1/M*
2
 corr.
 1/M*
3
 corr.
ρ
v
-ρ
v
,e
x
a
c
t 
(1
0
-3
 f
m
-3
)
r (fm)
FIG. 3. (Color online) Difference between the single-particle
density of the 2d5/2 state calculated by the reconstituted FW
transformation and the corresponding exact density. The
choice of legends follows that in Fig. 2.
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FIG. 4. (Color online) Neutron density of 208Pb calculated by
the reconstituted FW transformation and the corresponding
exact density.
than 0.97× 10−5 fm−3 in the whole region.
Since the non-relativistic expansion is regarded as
a crucial candidate for the connection between the
relativistic and non-relativistic DFT, it is meaningful to
further examine the total density of neutron by summing
up the single-particle densities of the lowest 126 single-
particle orbitals as shown in Fig. 4. In the center
area with r < 6 fm, the total neutron density lies
between 0.08 fm−3 and 0.10 fm−3. As seen in the
figure, all the results calculated by the reconstituted FW
transformation are in good agreements with the exact
result.
In order to investigate the results in Fig. 4 in detail,
the differences between each calculated result and the
exact neutron density are shown in Fig. 5. It can be
seen that the results calculated with the consideration of
the relativistic corrections show quite different behaviors
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FIG. 5. (Color online) Difference between the neutron density
of 208Pb calculated by the reconstituted FW transformation
and the corresponding exact density.
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FIG. 6. (Color online) Difference between the single-particle
density and the single-particle scalar density for the neutron
2d5/2 state. The solution of the Dirac equation (11) is shown
with the black solid line, while the result by Eq. (50) is shown
with the olive dashed line. The results by Eq. (52) with the
corrections up to the 1/M∗2 and 1/M∗3 orders are shown
with the blue dotted and red dash-dotted lines, respectively.
from the one without corrections. In general, the relative
discrepancy between the results with corrections and the
exact one is within 0.5%. It is also interesting to point
out that, compared with the result with the corrections
up to the 1/M∗2 order, the neutron density is further
improved by the 1/M∗3-order corrections in the nuclear
surface region, since the 1/M∗3-order corrections are
proportional to the derivatives of the potentials as shown
in Eq. (46).
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C. Single-particle and total scalar densities
For the discussions on the single-particle scalar density,
let us first focus on the difference between the single-
particle density and the single-particle scalar density.
In the Dirac picture, such a difference comes from the
small component of Dirac spinor, i.e., ρv(r) − ρs(r) =
2F 2(r)/(4pir2) in the present case, which is in general
tiny. This tiny difference is shown with the black solid
line in Fig. 6, by taking the 2d5/2 state as an example.
The peak of the black solid line is only around 0.10 ×
10−3 fm−3 at r = 3.75 fm.
For comparison, the corresponding result by Eq. (50)
without any relativistic (picture-change-error correction)
correction is shown with the olive dashed line in Fig. 6.
In contrast, the results calculated by Eq. (52) with the
relativistic corrections up to the 1/M∗2 and 1/M∗3
orders are shown with the blue dotted and red dash-
dotted lines, respectively.
It can be seen in Fig. 6 that the differences between
the results without the relativistic corrections and the
exact one are systematic. There are differences in the
positions of peaks and nodes as well as the amplitudes.
In contrast, the results with the relativistic corrections
reproduce remarkably the behavior of the exact result,
in particular the positions of peaks and nodes. The
remaining discrepancies are rather small (notice the small
scale used here).
As a result, the exact single-particle scalar density for
the 2d5/2 state can be well reproduced, with a relative
discrepancy less than 0.2%, by the reconstituted FW
transformation including the relativistic corrections, as
illustrated in Fig. 7.
Comparing the dashed lines to the others in Figs. 6
and 7, one can confirm the critical role of the relativistic
corrections playing in the difference between the vector
and scalar densities, because they both start from the
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calculated by the reconstituted FW transformation and the
corresponding exact density.
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1/M∗2 order.
The total neutron scalar density of 208Pb is shown
in Fig. 8. It is smaller than the total neutron density
shown in Fig. 4 by 3 ∼ 8% in general. For the details,
the differences between the neutron scalar densities
calculated by the reconstituted FW transformation and
the exact result are shown in Fig. 9. The results with
the relativistic corrections can well reproduce the exact
values, with a relative discrepancy less than 1%. The
same as the total density, the 1/M∗3-order corrections
can further improve the agreement with the exact result
in the nuclear surface region.
IV. SUMMARY AND PERSPECTIVES
With the inspiration of the reconstituted SRG method
[20], the reconstituted FW transformation has been
proposed.
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In the covariant DFT, since the inclusion of the strong
scalar potentials, the conventional FW transformation
shows a quite slow convergence for the spectrum of
the single-particle energies. By replacing the bare
mass M with the Dirac mass M∗ and defining the
corresponding new operators, the contributions that
come from the products of the terms that already
appear in the lower orders and
(
S
M
)n
(n = 1, 2, · · · )
are absorbed into the lower orders. As a result,
the convergence of the spectrum obtained by the
reconstituted FW transformation becomes much faster
than the conventional one. In addition, since the
reconstituted FW transformation starts from the general
operators, it provides the foundation of the reconstituted
SRG method and leads to a more promising future of
application.
Besides the single-particle energies, the single-particle
and total vector and scalar densities by the reconstituted
FW transformation also reproduce the exact result well.
In particular, the relativistic corrections to the densities
have been investigated in detail. The corrections
actually come from the picture-change error between the
Schro¨dinger and Dirac pictures. The corrections to the
single-particle densities start appearing from the 1/M∗2
order, and they prevent the single-particle density from
becoming exactly zero at any finite radius r. Moreover,
the derivations between ρv,non and ρs,non appears from
the 1/M∗2 order, and the relativistic correction ∆ρs also
appears from the same order. Therefore, the relativistic
corrections play a crucial role in the difference between
the vector and scalar densities. The results thus obtained
with the consideration of the corrections are almost
identical to the exact results.
Based on the above discussions, the reconstituted
FW transformation paves a promising way for the
connection between the relativistic and non-relativistic
density functional theories for the future studies.
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